This paper examines the performance of the 3rd and 4th order implicit Adams methods in the framework of the two-loop implicit sparse matrix numerical integration method in solving the differential/algebraic equations of heavily constrained dynamical systems. The variable-step size two-loop implicit sparse matrix numerical integration/Adams method proposed in this investigation avoids numerical force differentiation, ensures satisfying the nonlinear algebraic constraint equations at the position, velocity, and acceleration levels, and allows using sparse matrix techniques for efficiently solving the dynamical equations. The iterative outer loop of the two-loop implicit sparse matrix numerical integration/Adams method is aimed at achieving the convergence of the implicit integration formulae used to solve the independent differential equations of motion, while the inner loop is used to ensure the convergence of the iterative procedure used to satisfy the algebraic constraint equations. To solve the independent differential equations, two different implicit Adams integration formulae are examined in this investigation; a 3rd order implicit Adams-Moulton formula with a 2nd order explicit predictor Adams Bashforth formula, and a 4th order implicit Adams-Moulton formula with a 3rd order explicit predictor Adams Bashforth formula. A standard Newton-Raphson algorithm is used to satisfy the nonlinear algebraic constraint equations at the position level. The constraint equations at the velocity and acceleration levels are linear, and therefore, there is no need for an iterative procedure to solve for the dependent velocities and accelerations. The algorithm used for the error check and step-size change is described. The performance of the two-loop implicit sparse matrix numerical integration/Adams algorithm developed in this investigation is evaluated by comparison with the explicit predictor-corrector Adams method which has a variable-order and variable-step size. Simple and heavily constrained dynamical systems are used to evaluate the accuracy, robustness, damping characteristics, and effect of the outer-loop iterations of the proposed implicit schemes. The results obtained in this investigation show that the two-loop implicit sparse matrix numerical integration methods proposed in this study can be more efficient for stiff systems because of their ability to damp out high-frequency oscillations. Explicit integration methods, on the other hand, can be more efficient in the case of non-stiff systems.
Introduction
The motion of multibody systems (MBS) is governed by a system of differential/algebraic equations (DAEs). 1 The differential equations define the equations of motion, while the algebraic equations define the nonlinear kinematic constraints in the MBS application. These constraint equations describe mechanical joints as well as specified motion trajectories. In general MBS algorithms, the algebraic equations cannot always be easily eliminated, particularly in the case of closed-loops for which it is difficult to explicitly write the dependent coordinates as functions of the independent joint coordinates. For this reason, general MBS algorithms are designed as DAE's solvers and allow for the use of an iterative procedure to solve for the nonlinear kinematic constraint equations at the position level. In this investigation, the numerical process of determining the dependent variables from the system degrees of freedom is referred to as the inner loop, while the iterative process for determining the independent variables (coordinates and velocities) using the implicit integration formulae is referred to as the outer loop. An explicit numerical integration scheme can always be a special case of the implicit methods used in this investigation by limiting the number of iterations of the outer loop to one.
Both explicit and implicit methods are used to solve the resulting MBS equations. [2] [3] [4] [5] [6] Explicit methods, such as the explicit predictor-corrector Adams method with variable order and variable step size, are widely used in the solution of the MBS DAEs. 7 Explicit methods, however, are not suited for solving stiff equations which characterize MBS applications, especially when flexible bodies with very high stiffness are considered. Such explicit methods often fail or become inefficient when stiff systems are analyzed. On the other hand, while implicit methods can be more efficient in solving stiff differential equations, existing implicit methods have several drawbacks that include the possibility of damping out some important details if used by inexperienced user. In the case of DAEs that characterize MBS applications, existing implicit methods suffer from serious problems that can lead to deterioration of the method efficiency and robustness, and to violation of basic mechanics principles. For example, most existing implicit methods require force differentiation, do not satisfy the constraint equations at all levels, and do not allow for exploiting sparse matrix techniques. Numerical differentiation can be a source of serious numerical problems when general MBS algorithms are considered, particularly when the system includes deformable bodies with high stiffness. The numerical differentiation of the flexible body forces is prone to errors that can lead to deterioration of the accuracy of the solution or even to divergence problems. Not satisfying the nonlinear algebraic constraint equations at the position, velocity, and acceleration levels is violation of the principle of mechanics. The basic Lagrange-D'Alembert principle as well as other principles used in the derivation of the equations that govern the motion of dynamical systems is based on the assumption that the constraint equations are satisfied at all levels regardless of whether or not these constraint equations are eliminated using the embedding technique or kept in the formulation using the technique of Lagrange multipliers. [2] [3] [4] [5] [6] Furthermore, adopting sparse matrix techniques is necessary for obtaining efficient and accurate solution of heavily constrained and complex dynamical systems. 8, 9 However, most existing implicit methods require the differentiation of both the differential and algebraic equations in order to determine the Jacobian matrix associated with the unknown variables. This Jacobian matrix, used in the iterative Newton-Raphson algorithms, is not, in general, a sparse matrix, and therefore, efficient sparse matrix techniques that also require significantly smaller array space cannot be effectively exploited.
In order to address these concerns regarding the use of implicit integrators in MBS simulations, the two-loop implicit sparse matrix numerical integration (TLISMNI) method was proposed. [10] [11] [12] Unlike other implicit numerical integration algorithms, the TLISMNI method does not require the numerical differentiation of the forces, ensures that the constraint equations are satisfied at all levels, and allows for effectively using sparse matrix techniques at all stages of the function evaluation. The TLISMNI method is designed to have two iterative loops; the outer and inner loops. The outer loop is designed to achieve convergence of the implicit integration formulae (differential equations), while the inner loop is designed to ensure that the nonlinear holonomic kinematic algebraic constraint equations are not violated. The algebraic equations at the velocity and acceleration levels are linear equations and do not require the use of an iterative procedure in order to obtain their solution. While the TLSIMNI method has been used in solving a large number of MBS applications, it has been only used with 2nd order integration methods such as Hilber-Hughes-Taylor (HHT), Trapezoidal, and BDF methods. 10 Furthermore, no analysis has been provided to examine the effectiveness of the outer loop of the TLISMNI algorithm.
It is the objective of this investigation to develop a TLISMNI algorithm based on the implicit 3rd and 4th order Adams integration methods and compare the performance of the new algorithm with the TLISMNI algorithm based on the 2nd order integration formula defined by the trapezoidal method as well as with the explicit predictor-corrector variableorder Adams method. 7 In the algorithm developed in this study, two different Adams integration formulae are used; the 2nd order explicit Adams-Bashforth formula is used as the predictor for the 3rd order implicit corrector Adams-Moulton method, and the 3rd order explicit Adams-Bashforth formula is used as the predictor for the 4th order implicit corrector Adams-Moulton formula. 13 Because of the nature of the large scale problems and the intensive computations required to evaluate the equations of motion, the number of iterations of the outer loop is kept small to increase the efficiency of the method. During the outer iterations, the time step is kept constant, the predictor formula is not used after the first iteration, and if the outer iterations do not converge, the time step is reduced before restarting the iterations. Because the iterations for the position analysis cannot be in general avoided, particularly in the case of MBS with closed loops, use of a Newton-Raphson algorithm for the inner loop ensures that the nonlinear algebraic constraint equations are satisfied. The error check used to determine the convergence of the outer loop involves only the independent variables, and the dependent variables (coordinates and velocity) are determined using the nonlinear algebraic equations, thereby ensuring that these algebraic equations are satisfied and there is no violation of the basic physics principles. 14, 5 The effectiveness of the outer loop iterations is evaluated in this investigation, and the results obtained have shown that such outer loop iterations are necessary in order to achieve the convergence and robustness of the TLISMNI/Adams algorithm proposed in this investigation. For the first outer loop iteration, the error is estimated based on the difference between the corrected and predicted solutions, and for subsequent outer loop iterations, the error is estimated based on the difference between the current iteration corrector solution and the corrector solution of the previous iteration. The effect of the time step size and error tolerance on the damping characteristics of the proposed algorithm is evaluated in order to shed light on the disadvantages and advantages of using implicit numerical integration methods. Several numerical examples, including examples that represent large scale and heavily constrained systems, are used in order to properly assess the effect of increasing the order of the integration formula and the effectiveness of the outer loop iterations.
Adams integration formulae
Low-order implicit integration methods such as Newmark and HHT are widely used in the field of computational mechanics to solve challenging physics and engineering problems. While low-order implicit methods can be very effective in solving many problems, they must be used with care because of the inherent nature of numerical damping and inability to capture accurately high speed and highly nonlinear rotational motion. Nonetheless, in dynamical systems with stiff deformable bodies and/or springs, the high frequency oscillations may have a negligible effect on the solution. Accurate explicit methods attempt to capture these high frequency oscillations; making the method very inefficient or in many cases fail. For this reason, a general purpose MBS algorithm that is based only on an explicit solver can have serious limitations and can fail in solving many practical problems. Implicit integrators, on the other hand, have the ability to damp out high frequency signals, and therefore, such implicit methods can be much more efficient in solving many engineering problems in which the effect of high-frequency oscillations on the solution accuracy is negligible. Because the decision of which signals are important and should not be filtered out depends mainly on the experience of the analyst, it is important to provide the two options (explicit and implicit solvers) in general-purpose MBS software. The stiff problems in which the explicit integrator works, regardless of whether or not the solution is efficiently obtained, can be used as reference solution to assess the accuracy of the implicit integration method. Such reference solutions, which can serve as a guide, are particularly important when the widely used general-purpose MBS software are adopted by inexperienced analysts, as it is the case in industries which heavily rely on the virtual testing ground for the product design and performance evaluation. In this section, the integration formulae used in this investigation are presented since they will be later referenced in this paper. More details regarding the derivation of these formulae can be found in standard numerical analysis texts. 13, 15 The TLISMNI method has been proposed and used with 2nd order integration formulae such as HHT and the trapezoidal methods. In this investigation, the performance of two different Adams integration formulae is examined; the implicit 3rd and 4th order Adams methods are used and the results obtained are compared with the results obtained using the 2nd order trapezoidal method and the results obtained using the explicit variable-order Adams method. 7 In the procedure described in this paper, it is assumed that the equations of motion can be converted to the first-order state-space form and written as
time, and q and _ q are, respectively, the vector of the system coordinates and velocities. It follows that y t ð Þ ¼ y 0 þ R t 0 f y, t ð Þdt. The integral in this equation can be approximated using different methods leading to the general expression for p þ 1 step methods, including Adams method, as
, where p50, n5p, y n is the solution at time t n , h is the time step size, and a j and b j are constants whose values and number define the method and order to be used with the condition that either a p 6 ¼ 0 or b p 6 ¼ 0. 13 As explained by Atkinson, the coefficients a j and b j can be determined using the method of undetermined coefficients or the method of numerical integration. The 2nd order explicit Adams-Bashforth predictor is defined by the formula
where y n ¼ y t n ð Þ, _ y n ¼ _ y t n , y n À Á , and subscript pr refers to predictor. The 3rd order implicit Adams-Moulton formula is given by
where subscript cr refers to corrector. In this investigation, the explicit 2nd order Adams-Bashforth formula is used as the predictor and the 3rd order 
In this equation, superscript k refers to the outer loop iteration number, and
. During these outer loop iterations, the time step h is kept constant. If the outer loop iterations converge, the error is analyzed to determine whether or not the time step size h can be increased. If the outer loop iterations do not converge, the time step h is reduced and the outer loop iterations are restarted with the smaller h.
In addition to the 3rd order implicit Adams method, the 4th order implicit Adams-Moulton corrector formula
Þ is used with the explicit 3rd order Adams-Bashforth predictor formula
The local truncation error in these higher-order predictor and corrector formulae are defined as in the case of the 3rd order implicit method previously described in this section.
The effect of increasing the order of the integration formula is evaluated by comparing the numerical results obtained using the two different TLISMNI/ Adams schemes with the results obtained using the explicit variable-order and variable-step size Adams predictor-corrector method as well as the results obtained using the TLISMNI/trapezoidal implementation. For the 2nd order implicit trapezoidal method, the explicit midpoint method
The outer-loop iterations in the TLISMNI method in the case of the trapezoidal formula are defined as y nþ1
À Á . Since in the case of multistep methods, information from previous steps are needed, the single-step Runge-Kutta method is used at the beginning of the integration to obtain the information at three time points that are required for using the implicit Adams and trapezoidal integration formulae as well as the predictors used with these formulae. Very small time steps are used with Runge-Kutta method in order to guarantee the accuracy of the solution history to be used with the integration formulae that will be examined in this investigation. As previously mentioned, in the TLISMNI algorithm used in this investigation, the outer loop iterations are used to achieve the convergence of the implicit numerical integration formulae, while the inner loop iterations are used to satisfy the algebraic constraint equations used in the evaluation of the vector _ y nþ1 required in the integration formula. The evaluation of _ y nþ1 using the equations of motion and the algebraic constraint equations is discussed in the following section.
Constrained dynamical systems
The motion of many physics and engineering systems is governed by a system of differential/algebraic equations which are presented in a general form in this section for reference to be made in later sections of the paper. It is also explained in this section, how the inner TLISMNI loop can be designed to obtain a sparse matrix structure in the computer implementation of the dynamic equations in general MBS algorithms.
For a constrained dynamical system, the differential equations define the 2nd order equations of motion, while the algebraic equations define the MBS motion constraints. In MBS applications, the equations of motion are often highly nonlinear due to the geometric nonlinearities that arise from the finite rotations of the system components and the geometric and possibly material nonlinearities that arise, respectively, from the use of nonlinear strain displacement relationships and the use of nonlinear material models. The constraint equations, which define mechanical joints and specified motion trajectories, are also highly nonlinear. In general, the MBS differential and the algebraic equations can be written, respectively, in the following forms M€ q þ C T q j ¼ Q, and C q, t ð Þ ¼ 0, [4] [5] [6] where M is the system mass matrix, q is the system generalized coordinate vector, C is the constraint function vector, t is the time, C q is the Jacobian matrix of the kinematic constraint equations, j is the Lagrange multiplier vector, and Q is the generalized force vector that includes all external, elastic, Coriolis and centrifugal forces. The first and second time-derivatives of the constraint equations C q, t ð Þ ¼ 0 define, respectively, the constraint equations at the velocity and acceleration levels as C q _ q ¼ ÀC t , and C q € q ¼ Q d . In these equations, C t is the partial derivative of the constraint equations with respect to time, and Q d is a vector that absorbs terms which are quadratic in the velocities. While the constraint equations at the position level can be highly nonlinear functions of the coordinates, the constraint equations at the velocity and acceleration levels are linear in the velocities and accelerations, respectively. Combining the equations of motion M€ q þ C T q j ¼ Q and the constraint equations at the acceleration level
This equation, which has a sparse coefficient matrix, can be solved for the acceleration vector € q and the vector of Lagrange multipliers j. The solution of this matrix equation ensures that the constraint equations at the acceleration level are satisfied. Because the preceding matrix equation is linear in the acceleration vector € q and the vector of Lagrange multipliers j, there is no need for the use of an iterative procedure. For a given set of initial conditions on the coordinates q and the velocities _ q, the Jacobian matrix of the kinematic constraint equations C q can be evaluated and used to define a set of independent and dependent coordinates q i and q d , respectively. 16, 14, 5 Knowing the independent coordinates q i , the nonlinear algebraic constraint equations can be solved iteratively using a Newton-Raphson algorithm to determine the dependent coordinates using the equation
where superscript l refers to the Newton-iteration number, Áq are the Newton differences, and I i is a Boolean matrix which has ones corresponding to the location of the independent coordinates to ensure Áq i ¼ 0 and zeros in all other locations, that is I i q ¼ q i . Because the coefficient matrix in the preceding equation is sparse, sparse matrix techniques can be used during the Newton iterations. Equation (5) represents the inner loop of the TLISMNI algorithm used in this study. Once the dependent coordinates are determined and knowing the independent velocities, the dependent velocities can be calculated from the linear sparse matrix equation
Knowing the coordinates and velocities, equation (4) can be constructed and used to determine the vector of unknown accelerations and Lagrange multipliers.
During the process of the numerical solution, the integration formula used defines the vector
This vector is used in the equations described in this section to evaluate
in the implicit corrector integration formula. Using the equations presented in this and preceding sections, the steps of the TLISMNI/Adams algorithm can be outlined as described in the following section.
TLISMNI/Adams algorithm
Using the equations described in the preceding two sections, a TLISMNI/Adams algorithm can be developed. The steps of this algorithm can be summarized, using the implicit 3rd order Adams method as an example, as follows:
1. Given the initial coordinates and velocities q and _ q, respectively, the constraint Jacobian matrix C q is evaluated and used with a Gaussian elimination method to identify the independent coordinates (degrees of freedom) q i and independent velocities
n ¼ 0, in the case of the initial conditions, is used as input to the numerical integration routine. 2. At the initial time, a single-step Runge-Kutta method is used in the numerical integration with very small time step in order to determine history information required by the multistep predictor and corrector formulae used in this investigation. 3. Having the information needed from previous time steps, the 2nd order explicit predictor
Using this predicted solution, the equations of motion summarized in the preceding section are used to evaluate 
nþ1 is evaluated using y nþ1 À Á kÀ1 cr for k 4 1 using the TLISMNI inner loop and the motion and algebraic constraint equations summarized in the preceding section. During the outer loop iterations, the time step h is kept constant. Convergence is
convergence criteria are not satisfied after specified number of TLISMNI outer loop iterations n it , go to Step 7, otherwise go to Step 6.
6. If convergence is achieved, check whether or not the t5t f , where t f is the specified end of simulation time. If t5t f , then the simulation is stopped, otherwise, the error is used to determine whether or not the step size h can be increased according to the criterion described in the following section. If t 5 t f , update the solution history and go to
Step 3.
7. If convergence is not achieved using the time step h, the time step is reduced according to the criterion described in the following section. Keeping the solution history the same, go to Step 3.
In this investigation, the same algorithm is used for the implicit 4th order Adams formula with the 3rd order Adams-Bashforth predictor, and the implicit trapezoidal corrector with the explicit midpoint predictor, as previously mentioned in this paper. In the three cases, the TLISMNI algorithm is implemented to take advantage of the sparsity of the matrices presented in the preceding section. Furthermore, in such an algorithm numerical force differentiation is not required and the constraint equations are satisfied at all levels. In the algorithm used in this investigation, the time step is halved if convergence is not achieved in the inner loop during the Newton-Raphson iterations used to ensure that the position constraint equations are satisfied.
Error and time step selection criteria
In the TLISMNI/Adams algorithm developed in this investigation, the order of the integration formulae is not varied. A variable step size is used in order to improve the convergence characteristics and efficiency of the algorithm. During the outer loop iterations, however, the step size is kept constant until convergence is achieved or fails. If the outer loop iterations converge, the step size is kept the same or increased depending on the magnitude of the error. In this section, the 3rd order Adams-Moulton method is used in the discussion of the error and time step selection criteria. A similar procedure can be used with the implicit 4th order Adams formula. It is important, however, to point out that the use of other criteria for the error check and time step selection may be more appropriate for specific applications, and therefore, the criteria presented in this section should not be viewed as the only or most optimum ones for all MBS applications when a TLISMNI algorithm is used.
For the 3rd order implicit Adams-Moulton method used in this investigation, the truncation error is estimated as
13 Using this truncation error equation and the solution history, one can use backward differentiation formula to write
In the case of convergence,
where is a coefficient that can include a safety factor, the new time step h can be increased using the equation
This is with the assumption that
4 Â T nþ1 , the time step can be kept the same for the next step. Atkinson 13 proposed a time-step selection strategy for the trapezoidal method. Using an approach similar to the one proposed by Atkinson 
o =2 e nþ1 À Á 1=3 . In the algorithm used in this investigation, the time step is not allowed to increase more than five times, that is, h is selected such that h45h o . In order to avoid repeated calculation of D 4y , in the TLISMNI/Adams algorithm used in this investigation, the time step is selected according to
On
4 T nþ1 , the new step size h can be decreased using equation (8), h ¼ 24 e nþ1 = D 4y , with the assumption that D 4y 4 0. In order to ensure that the step size will be significantly reduced and avoid the calculation of D 4y , the following equation is used: 
. Using these truncation errors, a procedure similar to the one described for the 3rd order Adams formula can be used. 13 A similar procedure is used in the case of the 2nd order trapezoidal method which has a different truncation error defined as
which can be written using the solution at previous time points as
In the case of the convergence of the trapezoidal method, the new time step size is determined using the equation
In the case of divergence of the trapezoidal method, the new time step is evaluated according to
The initial time step in the case of the trapezoidal method is evaluated as h i ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 6"= D 3y q , where 13 The trapezoidal method is implemented in the TLISMNI framework 
Numerical results
In this section, examples are presented in order to evaluate the implementation of the TLISMNI/ Adams algorithm proposed in this study. These examples include mass-spring systems and heavily constrained MBS vehicle model. The mass-spring systems will allow clearly investigating the effect of varying the problem stiffness. The heavily constrained MBS vehicle model, which includes a large number of differential and algebraic equations and relatively large number of bodies is designed first as a non-stiff model and is used to demonstrate the efficiency of the explicit methods and the less significant effects of the tolerances and the outer-loop iterations when the implicit integration methods are used. Figure 1 shows three different masses m 1 , m 2 and m 3 connected by three springs which have stiffness coefficients k 1 , k 2 and k 3 , respectively. The three masses are assumed to have values m 1 ¼ m 2 ¼ m 3 ¼ 1 kg, while the stiffness is assumed to have different coefficients that produce slow, moderate, and fast oscillations. In this example, the stiffness coefficients are varied in the range 1:0 Â 10 6 N=m-1:0 Â 10 12 N=m. These values for the mass and stiffness coefficients produce different solutions that have frequencies in the range 1:0 Â 10 3 rad=s-1:0 Â 10 6 rad=s. All the masses are assumed to have the same initial displacement of 0.01 m. In order to examine the implementation of the proposed TLISMNI/Adams algorithm, the system is modeled using a general three-dimensional MBS algorithm in which Euler parameters are used to describe the orientation of the masses. Each mass is connected to the ground by a prismatic joint, ensuring a single degree of freedom for each mass-spring system. Including the ground body, the system motion is described using 28 absolute Cartesian coordinates (seven coordinates for each body including the four Euler parameters), and 25 algebraic constraint equations that describe four Euler parameter constraint equations, three prismatic joints (15 equations), and six ground constraint equations for the ground body. In this example, the effect of the stickslip friction is not considered. To evaluate the effect of the change of the error tolerance, the number of 
Mass-spring system
N=m, the relative error tolerance is assumed 10 À6 , and the initial time step is assumed 10 À4 s. The simulation time is assumed to be 2 s. As shown in Figure 2 Relative error tolerance. The computational efficiency of the integration methods is tested by changing the relative error tolerance while other parameters are fixed. Table 1 shows that the CPU times of all methods are comparable in the case of loose error tolerance, while they differ when the tolerance is tightened. In this table, " a refers to the absolute error tolerance which is used only for the explicit Adams method, " r is the relative error tolerance, k is the stiffness of all springs, h 0 is the initial time step, and n it is the maximum number of the outer-loop iterations allowed. No outer-loop iterations are used for the explicit Adams, maximum of three outer-loop iterations are used for the implicit Adams, and maximum of four outer-loop iterations are used for the implicit trapezoidal. The CPU time in this table is measured with respect to the 4th order implicit Adams method.
The results of Table 1 show that the 4th order Adams method is more efficient than the other two TLISMNI methods, and the explicit Adams method remains the most efficient method for this non-stiff system. Figures 3 and 4 show the solutions obtained for the two cases of the relative error tolerance presented in Table 1 . Since all masses have the same solutions, the results in these figures are presented only for the displacement of the first mass. As clearly shown by the results of these figures, when a loose error tolerance is used, the implicit methods damp out the solution. This damping effect is significantly reduced as the error tolerance is tightened, as it is clear from the two cases of " r ¼ 10 À4 (Figure 3) , and " r ¼ 10
À7
( Figure 4 ). The ability of the implicit method to damp out solutions can be advantageous when it is desired in some applications to filter out high-frequency and less-significant signals.
Initial time step. Table 2 compares the efficiency of different integration methods when the initial time step is changed. As previously mentioned, all the methods used in this investigation have a variable time step that is selected according to the error in the solution. The results presented in Table 2 show that the 4th order implicit Adams method has the same degree of efficiency as the explicit Adams method and both Table 6 . Effect of the maximum outer-loop iterations on the CPU time " a ¼ 10 of these methods are more efficient compared to the implicit 3rd order Adams and trapezoidal methods. It was also observed that reducing the time step leads to a reduction of the maximum number of the outer-loop iterations required by the 4th order Adams method. When using h 0 ¼ 10 À5 , the maximum number of outer-loop iterations required by the 4th order TLISMNI Adams method reduces to only two iterations. Because in the implementation used in this investigation the reduction in the time step is controlled to be a percentage of the previous time step, the initial time step proposed by the user can have an effect on the efficiency of the method as shown by the results presented in Table 2 . In the algorithm used in this study, the time step is halved if the innerloop that ensures that the algebraic constraint equations are satisfied at the position level, fails to converge.
Number of the outer-loop iterations. If the maximum number of outer-loop iterations n it is set to one, the implicit method has only the inner-loop iterations used to ensure that the constraint equations are satisfied at the position level. In this case, no iterations are used with the integration corrector formula. If convergence is not achieved, the time step is reduced and the predictor formula is used again. When the outerloop iterations are performed, the predictor formula is not used, and the corrector formula previous iteration results are used. Table 3 shows the effect of changing the maximum number of the outer-loop iterations. The results presented in this table show that when n it is equal to one, the trapezoidal method fails for the given numerical parameters selected. As the maximum number of outer-loop iterations increases for this non-stiff system, the 4th order Adams method becomes as efficient as the explicit Adams method which has a variable order. 7 Increasing n it beyond a certain number does not contribute to improvement in the efficiency of the methods since the methods converge with a number of iterations less than the user-specified n it . The numerical simulations also show that if very low n it is used, the time step of the implicit methods is reduced, making the method less efficient. Therefore, it is important to select the proper number of maximum outer-loop iterations. Such a number, however, depends on the problem being investigated and the frequency contents in the solution.
Stiffness coefficients. To evaluate the performance of the implicit integrators in the case of stiff systems, the stiffness coefficients of the springs are assumed to have values of k 1 ¼ 1:0 Â 10 6 N=m, k 2 ¼ 1:0Â 10 8 N=m, and k 3 ¼ 1:0 Â 10 12 N=m. The solution of the displacement of the first mass remains the same as previously reported. Figures 5 and 6 show the displacements of the second and third mass, when all other parameters used for the reference model, are kept the same (h 0 ¼ 10 À4 , " a ¼ 10 À6 , and " r ¼ 10 À6 ). The results presented in Figures 5 and 6 clearly show how the implicit integration methods damp out the solution in the case of stiff problems. For the moderate stiffness, as in the case of the second mass shown in Figure 5 , all the implicit integration methods considered in this investigation have comparable effect on filtering out higher frequencies. Nonetheless, the difference in damping effect becomes significant in the case of high stiffness as evident by the results of the third mass. The results presented in Figure 6 also show that solutions can be obtained using the implicit integrators, while the explicit Adams method fails in the case of a highly stiff system. In the case of this stiff system, Tables 4 to 6 show the CPU times when " r is varied, h 0 is varied, and n it is varied, respectively. Figures 7 to 12 show the results of the displacements of the second and third masses that correspond to the three cases of h 0 ¼ 10 À4 , " a ¼ 10 À6 , and " r ¼ 10
, and " r ¼ 10 À7 ; and h 0 ¼ 10 À5 , " a ¼ 10 À6 , and " r ¼ 10 À6 . All the implicit methods solutions can converge, while the explicit method can fail if more accuracy is demanded by tightening the relative error. Nonetheless, a good agreement between the solutions obtained the explicit Adams method and the 4th order implicit Adams is found whenever the explicit Adams method converges. The results presented in these figures clearly demonstrate the ability of the implicit integration methods to damp out high frequency oscillations when proper numerical parameters are selected. These methods, as expected, can also be much more efficient as compared to the explicit methods which are not suited for solving stiff problems. In some stiff problems, as shown in this numerical study, the explicit Adams fails to obtain the solution for the entire simulation. For example, the explicit Adams method fails in the case of the numerical parameters h 0 ¼ 10 À4 , " a ¼ 10 À6 , and " r ¼ 10 À7 , as shown in Table 4 . 
HMMWV vehicle model
In order to further test the performance of the TLISMNI/Adams integration method in the case of a complex MBS DAE's system, a heavily constrained vehicle model is considered. The model considered in this section is the high-mobility multi-purpose wheeled vehicle (HMMWV) which is designed for off-road operations. 17 The vehicle model, which is shown in Figure 13 and has front and rear suspensions, tires, and steering system, consists of 50 bodies connected by different types of joints and bushing elements. Table 7 shows the vehicle inertia and geometric properties, while Table 8 Figures 14 and 15 show the nonlinear damping force-velocity relationships of the suspension dashpots. In addition to the suspension elements, the vehicle model has four bushing elements. The bushing stiffness coefficients in three perpendicular directions are assumed to be 2:0 Â 10 6 N=m, 2:0 Â 10 6 N=m, and 2:0952 Â 10 6 N=m, the damping coefficients in these three directions are assumed to be 1:0 Â 10 3 N.s/m. Figures 16 to 18 show the nonlinear bushing torque-angular displacement relationships. The damping coefficients associated with these bushing rotational coordinates is assumed to be 5:7296 Â 10 À2 N.m.s/ rad. The vehicle is assumed to have an initial velocity Figure 19 show the effect of friction which is a source of energy dissipation that results in reducing the vehicle forward velocity. Table 9 shows the effect of changing the relative error " r on the CPU time when considering the methods discussed in this investigation, while Table 10 shows the effect of changing the maximum number of the outer-loop iterations n it . Because of the heavy chassis of this vehicle, the model frequency content is not very high, and consequently, the explicit Adams integrator becomes faster. It was found that by increasing the bushing stiffness coefficients , and 2:0952Â  10 12 N=m, the implicit methods become on the average 85% faster than the explicit Adams method. For this model increasing the bushing damping coefficients did not improve the performance of the implicit methods since the bushing damping contributed to damping out the high frequency signals, and therefore, for this particular example, the performance of the explicit methods can improve as the result of damping out the high frequency signals. Numerical experimentation has also shown that there is no efficiency improvement gained by increasing the number of outer loop iterations beyond 3 when the implicit methods are used.
Summary and conclusions
Most existing implicit numerical integration methods used for solving MBS application problems are not suited for the solution of very large systems; particularly those systems that include flexible bodies which may have a very large number of generalized coordinates. When flexible bodies with high stiffness are considered, numerical differentiation of the forces can be source of errors. Furthermore, some existing implicit integration methods do not exploit sparse matrix techniques required for the efficient solution of large scale MBS applications, and do not ensure that the kinematic constraint equations are satisfied at position, velocity, and acceleration levels. This paper addresses these computational challenges by developing a new TLISMNI/Adams algorithm in which the 3rd and 4th order implicit Adams-Moulton formulae are used as the correctors, respectively, with the explicit 2nd and 3rd order Adams-Bashforth formulae as predictor. The proposed methods, therefore, have a constant order, while the step size is allowed to vary in order to enhance the efficiency and convergence characteristics of the methods when used in the DAE's solution of heavily constrained dynamical systems. The variable-step size TLISMNI method proposed in this investigation avoids numerical differentiation of forces, ensures that the nonlinear algebraic constraint equations are satisfied at all levels, and exploits sparse matrix techniques for the efficient solution of the dynamical system equations. During the iterative outer loop iterations, the time step is not allowed to vary until convergence is achieved or fails. The inner loop is used to ensure the convergence of the iterative procedure used to satisfy the holonomic algebraic constraint equations. As discussed in this paper, the holonomic constraint equations at the velocity and acceleration levels are always linear and do not require an iterative procedure to solve for the dependent velocities and accelerations. The criteria used for the error check and step-size selection is described. The performance of the TLISMNI/Adams algorithm developed in this investigation is evaluated by comparison with the 2nd order implicit trapezoidal method and the variable-order explicit predictor-corrector Adams method. 11 The numerical results obtained in this investigation are used to shed light on the advantages and drawbacks of the implicit integrators when used in the analysis of constrained dynamical systems. Two examples that include mass-spring systems and heavily constrained MBS vehicle model are considered in this study. The mass-spring systems allowed to clearly investigate the effect of varying the problem stiffness, while the heavily constrained MBS vehicle model, which includes a large number of differential and algebraic equations and relatively large number of bodies is a non-stiff model and is used to demonstrate the efficiency of the explicit methods and the less significant effects of the tolerances and the outer-loop iterations when the implicit integration methods are used. The results obtained using the two examples considered in this investigation show that the TLISMNI methods proposed in this study can be more efficient for stiff systems because of their ability to damp out high-frequency oscillations. The use of the iterative procedure allows for damping out the high-frequency oscillations despite the fact that the proposed TLISMNI methods do not include numerical damping as in the case of the HHT method. The results obtained in this study also show that explicit integration methods, such as the explicit Adams method, can be more efficient in the case of non-stiff systems. Stiff systems are characterized by widely-separated eigenvalue solutions, and not necessarily with high frequency content. A variable time-step integration method is appropriate in the case of sudden changes in response characteristics such as in the jump phenomenon of nonlinear systems, stiffening and/or softening effects, or stick-slip phenomena. All the methods used in the paper, including the explicit Adams method, are variable time-step methods. Future investigations will focus on examining the effectiveness of the proposed integration methods in the case of discontinuities, an important scenario which has not been addressed in this investigation which is mainly focused on the application of the proposed methods to stiff systems not subjected to discontinuities.
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